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The crack problems with interfaces in dissimilar materials are of
paramount importance for many micromechanics models and
numerical fracture mechanics (Qin and Mai, 1999; Qin and Yu,
1997). Some analytical solutions were developed in the past dec-
ades. Most of them indicated that there is oscillatory singularity
near the interface crack tip (England, 1965; Erdogan, 1965; Wil-
liams, 1959). As was pointed out by England (1965), physically
unreasonable aspect of the oscillatory singularities is that they lead
to overlapping near the ends of the crack. To correct this unsatis-
factory feature, Comninou (1977) introduced a closed crack tip
model. This idea was further addressed by several authors for iso-
tropic elastic materials (Comninou and Schmueser, 1979; Deng,
1994; Gautesen and Dundurs, 1988; Rice, 1988). Dundurs and
Gautesen (1988) disregard the short contact zone, assume that
the crack is fully open at that end, which then leads to the oscilla-
tory singularity there, and analyze the situation at the other end of
the crack with the large contact zone. Previous studies revealed
that the stress singularities exhibited an inverse square-root and
the size of contact zone was very small in comparison with the
crack length in a tensile ﬁeld.
An alternative technique that has been used frequently in the
numerical calculation of fracture parameters for interface cracks
is the insertion of a thin, isotropic, homogeneous layer (interlayer)
at the interface and the location of the crack within the interlayer,
thus effectively converting the problem into a homogeneous crackll rights reserved.
hang).problem (Atkinson, 1977; Chakraborty and Pradhan, 2000; David-
son and Hu, 1995; Karkamkar et al., 2008; Mathews and Swanson,
2005; Raju and Crews, 1988). Such an interlayer is not physically
present but was artiﬁcially introduced primarily as a convenience
that allows the calculation of individual mode (I and II) energy re-
lease rates or stress intensity factors.
On the other hand, a crack can be considered as the pile-up of
interface dislocations (Eshelby, 1951), and stress oscillatory singu-
larity is induced by the Dirac delta function in the fundamental
solutions of interface dislocations. In this paper, the Dirac delta
functions are replaced as a locally-distributed function in the phys-
ical sense of point force to eliminate the oscillatory singularity. The
stresses intensity factors, energy release rate and fracture mode
mixity for a particular materials group are obtained as an applica-
tion of the modiﬁed interface dislocation model.
2. Basic formulations
Consider a crack of length 2a lying in the interface of two elastic
solids with the shear moduli l1,l2 and Poisson’s ratios m1,m2, as
show in Fig. 1. Assume that the normal and shear tractions trans-
mitted by the interface due to the applied loads are T and S, respec-
tively. To enforce these conditions we consider a distribution Bx(x)
of glide dislocations and a distribution By (x) of climb dislocations
in the interval (a,a).
Suppose that a discrete edge dislocation is at the interface be-
tween two solids and, for simplicity, put the origin of coordinates
at the dislocation. The induced interface tractions are (Comninou,
1977)
Fig. 1. Two elastic half-space containing a central crack of length 2a.
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1
x
ð1Þ
ryyðx;0Þ ¼ bCbxdðxÞ ð2Þ
for a glide dislocation, and
rxyðx;0Þ ¼ bCbydðxÞ ð3Þ
ryyðx;0Þ ¼ Cbyp
1
x
ð4Þ
for a climb dislocation, where d(x) is the Dirac delta function and bx,
by are the components of the Burgers vector. Moreover,
C ¼ 2l1ð1þ aÞðj1 þ 1Þð1 b2Þ
¼ 2l2ð1 aÞðj2 þ 1Þð1 b2Þ
ð5Þ
and a, b are the Dundurs parameters deﬁned as (Dundurs, 1969)
a ¼ l2ðj1 þ 1Þ  l1ðj2 þ 1Þ
l2ðj1 þ 1Þ þ l1ðj2 þ 1Þ
; b ¼ l2ðj1  1Þ  l1ðj2  1Þ
l2ðj1 þ 1Þ þ l1ðj2 þ 1Þ
ð6Þ
and j = 3  4m for conditions of plane strain.
3. Interface crack: non-oscillatory ﬁelds
An interface crack tip is free of oscillation if b = 0, (i.e.,
j11
l1
¼ j21l2 ). Applying the relation (1)–(4) for the densities Bx(x)
and By(x) of the distributed dislocations inside the crack, the condi-
tions on the tractions mentioned before lead directly to the integral
equations
S C
p
Z a
a
BxðnÞ
n x dn ¼ 0; a < x < a ð7Þ
T  C
p
Z a
a
ByðnÞ
n x dn ¼ 0; a < x < a ð8Þ
we must require in addition that the total Burgers vectors of the
distributed dislocations vanish, or thatZ a
a
BxðnÞdn ¼ 0 ð9ÞZ a
a
ByðnÞdn ¼ 0 ð10Þ
as these conditions ensure that the displacements are single-
valued.
Denoting by g(x) the gap between the solids and by h(x) their
relative slip,gðxÞ ¼ uð2Þy ðx;0Þ  uð1Þy ðx;0Þ ð11Þ
hðxÞ ¼ uð2Þx ðx;0Þ  uð1Þx ðx;0Þ ð12Þ
the superscripts 1 and 2 denote the lower and upper surfaces of the
crack, respectively.
We note that
BxðxÞ ¼ dhðxÞdx ; ByðxÞ ¼ 
dgðxÞ
dx
ð13Þ
Eqs. (7)–(10) have the well known solution
BxðxÞ ¼ Sn
C
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  n2
p ; a < n < a ð14Þ
ByðxÞ ¼ Tn
C
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  n2
p ; a < n < a ð15Þ
From (1)–(4), the tractions at the interface are
rxyðx;0Þ ¼ S jxjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  a2
p ; jxj > a ð16Þ
ryyðx;0Þ ¼ T jxjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  a2
p ; jxj > a ð17Þ
Deﬁning the stresses intensity factors K1,K2 for the normal stress
and shear stress in the conventional manner, we get from (16)
and (17)
K1 ¼ lim
x!aþ ;a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pjx aj
p
ryyðx;0Þ ¼ T
ﬃﬃﬃﬃﬃﬃ
pa
p ð18Þ
K2 ¼ lim
x!aþ ;a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pjx aj
p
rxyðx;0Þ ¼ S
ﬃﬃﬃﬃﬃﬃ
pa
p ð19Þ
The change in the free (total potential) energy dE when a advances
to a + da can be obtained by adapting the expression given in (Bilby
and Eshelby, 1968) for the present problem as follows:
dE ¼ 1
2
Z aþda
a
ryyðx;0; aÞgðx; aþ daÞdx
 1
2
Z aþda
a
rxyðx;0; aÞhðx; aþ daÞdx ð20Þ
The integrals can be evaluated by noting the asymptotic behavior of
from (11,12,18,19)
ryyðx;0; aÞ  K1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞp ; rxyðx;0; aÞ 
K2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞp ð21Þ
gðx; aþ daÞ  K1
C
ﬃﬃﬃﬃﬃﬃ
pa
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaþ daÞ2  x2
q
; hðx; aþ daÞ
 K2
C
ﬃﬃﬃﬃﬃﬃ
pa
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaþ daÞ2  x2
q
ð22Þ
Then
dE ¼ K
2
1 þ K22
4C
da ð23Þ
and the crack energy release rate is
G ¼ K
2
1 þ K22
4C
ð24Þ4. Interface crack: oscillatory ﬁelds
4.1. Modiﬁed interface dislocation model
In this section we examine the general case when b– 0. It is
known that oscillatory singularities appear in problems involving
interface cracks that are assumed to have open tips. An unsatisfac-
tory aspect of the oscillatory singularities is that they lead to over-
lapping of the crack faces. To eliminate oscillatory singularities, the
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distribution function in mathematics, and the point force induced
by the Dirac delta function can be explained as the locally-distrib-
uted load in physics. So the modiﬁed stress ﬁeld of interface dislo-
cation based on (1)–(4) are:
ryyðx;0Þ ¼ Cbyp
1
x
 bCbx 1ﬃﬃﬃﬃﬃﬃ
2p
p
e
exp  x
2
2e2
 
ð25Þ
rxyðx;0Þ ¼ Cbxp
1
x
þ bCby 1ﬃﬃﬃﬃﬃﬃ
2p
p
e
exp  x
2
2e2
 
ð26Þ
where e is an unknown parameter of zone length of locally-distrib-
uted load to be determined.
Following last section we obtain
SCp
Z a
a
BxðnÞ
nx dnþbC
Z a
a
ByðnÞﬃﬃﬃﬃﬃﬃ
2p
p
e
exp ðxnÞ
2
2e2
" #
dn¼0; a< x< a ð27Þ
TCp
Z a
a
ByðnÞ
nx dnbC
Z a
a
BxðnÞﬃﬃﬃﬃﬃﬃ
2p
p
e
exp ðxnÞ
2
2e2
" #
dn¼0; a< x< a ð28Þ
To ensure single-valued displacements or no net dislocations, we
require addition thatZ a
a
BxðnÞdn ¼ 0 ð29Þ
Z a
a
ByðnÞdn ¼ 0 ð30Þ4.2. Solution of the system of singular integral equations
A direct numerical method developed by Erdogan (1975) was
used to solve the singular integral equation discussed above. Nor-
malizing the interval (a,a) by the change of variables
x ¼ as; n ¼ at ð31Þ
It is well known that the singularity is a complex number for an
interface crack by solving the second type singular integral equa-
ions, which produces the oscillation in the stresses and the overlap
of crack faces at the crack tip (Comninou, 1990). The oscillation sin-
gularity at the crack tip has been induced by the Dirac delta func-
tion in the fundamental solution of a single dislocation
(Comninou, 1977). It was found that the interface fracture problem
can be reduced to a set of singular integral equations of ﬁrst type
which have the classical square-root singularity by replacing the
Dirac delta function by the Gaussian function. Accordingly, the
functions By(n) and Bx(n) are such that (Erdogan, 1965; Feng et al.,
2007; Feng et al., 2010)
HðtÞ ¼ ByðnÞC
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
ð32Þ
FðtÞ ¼ BxðnÞC
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
ð33Þ
in which H(t) and F(t) are bounded functions in the interbal [-1,1].
By expressing the functions H(t) and F(t) in the series forms in terms
of the Chebyshev polynomial of the ﬁrst kind and truncating them
to include only the ﬁrst n terms, we obtain
HðtÞ ¼
Xn1
i¼0
AiTiðtÞ ð34Þ
FðtÞ ¼
Xn1
i¼0
BiTiðtÞ ð35Þ
where Ti(t) is the Chebyshev polynomial of the ﬁrst kind, and the
coefﬁcients Ai and Bi (i = 0,1, 2, . . . ,n  1) are constants as yet to
be determined. After discretization, Eqs. (27)–(30) can be rewritten
as:1
n
Xn
k¼1
FðtkÞ
tk  sr 
ab
ﬃﬃﬃ
p
pﬃﬃﬃ
2
p
e
GðtkÞ exp  a
2ðtk  srÞ2
2e2
" #( )
¼ S ð36Þ
1
n
Xn
k¼1
HðtkÞ
tk  sr þ
ab
ﬃﬃﬃ
p
pﬃﬃﬃ
2
p
e
FðtkÞ exp  a
2ðtk  srÞ2
2e2
" #( )
¼ T ð37Þ
Xn
k¼1
FðtkÞ ¼ 0 ð38Þ
Xn
k¼1
HðtkÞ ¼ 0 ð39Þ
where the discretization points tk and sr are deﬁned by
tk ¼ cos 2k 12n p
 
; ðk ¼ 1;2; . . . ;nÞ ð40Þ
sk ¼ cos rnp
 
; ðr ¼ 1;2; . . . ;n 1Þ ð41Þ
The equation system in (36) and (37) includes 2n linear algebraic
equations in terms of H(tk) and F(tk), and it can be solved easily
via a numerical method. With increasing the term number n, the
calculation results rapidly approach the exact solution.
From Eqs. (18) and (19), (27)–(41) and using the following inte-
gral property of the Chebyshev polynomial of the ﬁrst kind:
1
p
Z 1
1
1
t  s
TiðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p dt ¼  jsj
s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  1
p s jsj
s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  1
p i
;
ðjsj > 1; i ¼ 0;1;2; . . .Þ ð42Þ
The stresses intensity factors at crack tips can be obtained:
K1ðaÞ ¼ 
ﬃﬃﬃﬃﬃﬃ
pa
p
Gð1Þ ¼  ﬃﬃﬃﬃﬃﬃpap Xn1
i¼0
ð1ÞiAi ð43Þ
K2ðaÞ ¼ 
ﬃﬃﬃﬃﬃﬃ
pa
p
Fð1Þ ¼  ﬃﬃﬃﬃﬃﬃpap Xn1
i¼0
ð1ÞiBi ð44Þ
The deﬁnition of interface fracture mode mixity:
w ¼ arctanK2
K1
ð45Þ
The energy release rate for crack advance in the interface is (Maly-
shev and Salganik, 1965)
G ¼ 1 b
2
E
K21 þ K22
 
ð46Þ
where 1E ¼ 12 1E1 þ
1
E2
 
; Ei ¼ Ei1m2
i
for plane strain, Ei ¼ Ei for plane
stress, and Ei is Young’s modulus.
Evidently, the stresses intensity factors at the crack tips depend
linearly on the coefﬁcients Ai and Bi in the expansion series of the
functions H(t) and F(t).
5. Numerical solution and computational results
5.1. Model veriﬁcation
Without loss of any generality, the half-length of the crack is as-
sumed to be unity. In other words, all the length parameters are
normalized by the crack half-length a. In plane strain situation,
the physical admissible values of a and b are restricted to lie within
a parallelogram enclosed by a = ± 1 and a  4b = ± 1 in the (a,b)
plane, assuming nonnegative Poisson’s ratios. Note that most of
(a,b) combinations fall between b = 0 and b = a/4 (Hutchinson
and Suo, 1992). a and b vanish when there is no mismatch of the
materials, and change signs when the materials are switched. So
two different groups of materials combinations are chosed for
numerical calculation to determine the zone parameter e. These
Table 1
Material properties.
Material Young’s modulus E(GPa) Poisson’s ratio m
Epoxy 2.07 0.37
Glass 68.9 0.20
Plexiglass 1.80 0.35
Glass–epoxy Dunders’ parameter b = 0.188
Epoxy-plexiglass Dunders’ parameter b = 0.029
Fig. 2a. Variation of the stress-intensity factor K1 with e, T/S = 1/1.
Fig. 2b. variation of the stress-intensity factor K2 with e, T/S = 1/1.
Fig. 3a. variation of the stress-intensity factor K1 with e, T/S = 1/2.
Fig. 3b. variation of the stress-intensity factor K2 with e, T/S = 1/2.
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of materials properties are listed in Table 1 (Hutchinson and Suo,
1992; Liechti and Chai, 1992).
Numerical results in Figs. 2a, 2b, 3a, 3b show that the variation
range of K1 and K2 are very small when e 2 (0.002,0.012) for the
values of the ratio of the applied tension to the applied shear T/S
(1/1, 1/2). The values of the stress intensity factor are most stable
when e = 0.0075, an order of 0.7 percent of the crack length. There-
fore, it is reasonable to choose e = 0.0075 as the zone length param-
eter of locally-distributed load.
The convergence of the numerical integration is checked and
the results for material combination of epoxy (#2)/plexiglass(#1) are listed in Table 2. The cases of a pure tension, a pure shear,
and an applied loads ratio T/S = 1.0 are considered here. Obviously,
the mode-I and mode-II stresses intensity factors converge very
well with increasing the term number n. It can be found that
sufﬁciently accurate numerical results can be obtained when the
value of n equals to 100.
From Table 2, it can be found that a pure far ﬁeld tension can
produce a shear stress ﬁeld and a pure far ﬁeld shear can produce
a tensile stress ﬁeld at the crack tip for an interface crack by using
Gaussian epsilon approach. This is the same as the standard inter-
face crack problem.5.2. Numerical results and discussion
For the plane stain problem, the stress intensity factors K1 and
K2, and fracture mode mixity w are obtained form Eqs. (43)–(45).
From Figs. 4 and 5, we can see that both K1 decreases and K2 in-
creases with increasing value of S/T. The error in taking b = 0 is neg-
ligible for epoxy (#2)/plexiglass (#1) interface system in plane
strain since the Dunders’ parameters are very small and the inter-
face problem can be degenerated to the non-oscillatory ﬁelds and
solved by the method introduced in Section 3 of the paper.
Table 2
Convergence of stresses intensity factors (epoxy (#2)/plexiglass (#1)).
n 80 100 120 140 160
K1/(T2 + S2)1/2 T = T0, S = 0 0.9989 0.9988 0.9988 0.9988 0.9988
K2/(T2 + S2)1/2 T = T0, S = 0 0.0501 0.0510 0.0516 0.0517 0.0517
K1/(T2 + S2)1/2 T = 0, S = S0 0.0501 0.0510 0.0516 0.0517 0.0517
K2/(T2 + S2)1/2 T = 0, S = S0 0.9989 0.9988 0.9988 0.9988 0.9988
K1/(T2 + S2)1/2 T/S = 1.0 0.6709 0.6702 0.6699 0.6698 0.6698
K1/(T2 + S2)1/2 T/S = 1.0 0.7417 0.7423 0.7427 0.7428 0.7428
Fig. 6. variation of the mixity w with S/T.
Fig. 7. variation of the energy release rates G with S/T.
Fig. 4. variation of the normal stress-intensity factor K1 with S/T.
Fig. 5. variation of the shear stress-intensity factor K2 with S/T.
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stood. An overview of various mechanisms responsible for the
strong dependence of interfaced toughness on mode mixity is gi-
ven by Evans et al. (1990). The mixity of both materials systems
present a well increasing variation tendency from the Fig. 6,
although the mode I and mode II stress intensity factors decrease
with increasing value of S/T. The trend obtained theoretically is
similar to the tests data of Liechti and Chai (1992).
The stresses intensity factors for standard interface crack under
a far shear and tensile stress ﬁeld was expressed by Sun and Jih
(1987)
K1 þ iK2 ¼ ðT þ iSÞ
ﬃﬃﬃﬃﬃﬃ
pa
p ð1þ 2eiÞð2aÞie ð47Þwhere e ¼ 12p ln 1b1þb
 
. The singularity deﬁned by Sun and Jih is a
complex number, i.e., 1/2 + ie. The crack considered in the current
paper has a square root singularity by replacing the Dirac delta
function by the Gaussian function. So the stress intensity factors ob-
tained in this paper cannot be compared with results obtained from
the standard interface crack approach directly. However, the overall
energy release rates have no relation with the singularity at the
interface crack tip. Therefore, the values of the energy release rate
G are compared and are shown in Fig. 7. It is found that the values
of G obtained from both approaches have little difference. This dem-
onstrates the correctness of proposed Gaussian epsilon approach in
this paper.6. Conclusions
A general interface fracture problem is studied for both non-
oscillatory ﬁeld and oscillatory ﬁeld in isotropic elastic materials.
The stresses intensity factors and crack opening force are obtained
in closed form for the non-oscillatory ﬁeld based on the interface
dislocation model. For the oscillatory ﬁeld, a modiﬁed interface
fracture model is presented by explaining the Dirac delta function
20 A.B. Zhang, B.L. Wang / International Journal of Solids and Structures 50 (2013) 15–20in the interface dislocation solution as a locally-distributed func-
tion. The parameter of zone is determined by numerical method.
As an example, the interface analysis of glass/epoxy system and
epoxy/plexiglass system are treated by this method.
Finally, the developed method for the elastic materials can be
extended to the case of piezoelectric materials. In such case,
through the introduction of an electric potential variable and an
additional dislocation function, a system of mechanical-electric
coupling singular integral equations and the single-value
conditions of displacement and electric potential, similar to Eqs.
(27)–(30), can be obtained. The system can be solved by the same
method of Section 4.2.
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